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^1 It is well known that any cyclic solution of a spin 1/2 neutral particle moving 

I in an arbitrary magnetic field has a nonadiabatic geometric phase proportional 

' to the solid angle subtended by the trace of the spin. For neutral particles 

■ with higher spin, this is true for cyclic solutions with special initial conditions. 

CNI ' For more general cyclic solutions, however, this does not hold. As an example, 

o 



we consider the most general solutions of such particles moving in a rotating 
magnetic field. If the parameters of the system are appropriately chosen, all 
solutions are cyclic. The nonadiabatic geometric phase and the solid angle are 
Ch I both calculated explicitly. It turns out that the nonadiabatic geometric phase 

^ ' contains an extra term in addition to the one proportional to the solid angle. 

The extra term vanishes automatically for spin 1/2. For higher spin, however, 
it depends on the initial condition. We also consider the valence electron of an 
^ . alkaline atom. For cyclic solutions with special initial conditions in an arbitrary 

strong magnetic field, we prove that the nonadiabatic geometric phase is a linear 
combination of the two solid angles subtended by the traces of the orbit and 
spin angular momenta. For more general cyclic solutions in a strong rotating 
magnetic field, the nonadiabatic geometric phase also contains extra terms in 
addition to the linear combination. 



03.65.Ta, 03.65.Vf 



■^published in J. Phys. A 35 (2002) 377-391. 
'I'E-mail: qg_lin@163.net, qg_lin@263.net 
^not for correspondence 



1 



I. INTRODUCTION 



The motion of spin (especially spin 1/2) in a rotating magnetic field is a rather classical 
problem in quantum mechanics, which was discussed in the textbook Nevertheless, the 
problem has received much attention in recent years 0-0] • The reason may be that the 
Schrodinger equation for the problem can be solved analytically, and thus it serves as a good 
example for manifesting the notions of adiabatic geometric phase, nonadiabatic geometric 
phase for cyclic and noncyclic motions [§-T3]. Moreover, it is relevant to some problems in 
condensed matter physics [0. 

Cyclic solutions with special initial conditions were widely discussed in the above cited 
papers, for both spin 1/2 and higher ones. It is well known that the nonadiabatic geometric 
phase for such solutions is always proportional to the solid angle subtended by the trace of the 
spin (more exactly, the mean value of the spin). Because the nonadiabatic geometric phase 
is a geometric object, and because the result holds for any cyclic solution of spin 1/2 in an 
arbitrarily varying magnetic field ||T3|JT^ , one may become confident that it is also true for 
higher spin. It is indeed true for special cyclic solutions in a rotating magnetic field as just 
mentioned. For more general cyclic solutions and more general magnetic fields, however, the 
result was neither proved nor refuted. In fact, the nonadiabatic geometric phase for solutions 
with more general initial conditions was calculated by some authors only for spin 1/2 [0,|l3- 
That for higher spin was, however, not studied to our knowledge. 

In this paper we will consider both neutral and charged particles. In the next section we 
consider neutral particles with general spin and with magnetic moment moving in a rotating 
magnetic field. The Schrodinger equation for the problem can be solved exactly by making 
use of a time-dependent unitary transformation. Solutions with special initial conditions are 
cyclic and has been studied in detail [Q]. When the parameters of the system are appropriately 
chosen, all solutions are cyclic. These solutions were not discussed in detail previously. We 
calculate the nonadiabatic geometric phase for such solutions. The solid angle subtended by 
the trace of the spin is also calculated explicitly. It turns out that the nonadiabatic geometric 
phase contains an extra term in addition to the ordinary one proportional to the solid angle. 
For spin 1/2 the extra term vanishes automatically. This may be the reason why it was not 
found previously. For higher spin, however, it depends on the initial condition and does not 
vanish in general. At this stage one may wonder when this extra term does not appear for an 
arbitrarily varying magnetic field. This is investigated in Sec. III. We prove that a sufficient 
condition is that the initial state is an eigenstate of s ■ eo where s is the spin operator and eg 
is some unit vector. Though this conclusion is known in the literature |1T5|JT6|1 , our proof seems 
more straightforward and simpler. 

In a recent work, we have studied a charged particle moving in a central potential plus a 



strong rotating magnetic field JT^ • It can describe the valence electron of an alkaline atom or 
that of the hydrogen atom under the infiuence of the external magnetic field. The Schrodinger 
equation may be reduced to a Schrodinger-like one with a time-independent effective Hamilto- 
nian by using an explicit time-dependent unitary transformation. Thus the evolution operator 
for the original Schrodinger equation was explicitly obtained, which involves no chronological 
product. Cyclic solutions are obtained if one takes the eigenstates of the effective Hamiltonian 
as initial states. These eigenstates and the nonadiabatic geometric phases of the corresponding 
cyclic solutions were all worked out explicitly. The nonadiabatic geometric phase turns out to 
be a linear combination of the two solid angles subtended by the traces of the orbit and spin 
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angular momenta. We also studied the case without a central potential [jl^ and generalized it 
to the relativistic case 



Here we are interested in the more general cyclic solutions of the alkaline atomic electron 



in the strong rotating magnetic field. As pointed out in Ref. |]T^, these are available if the 
parameters of the system are appropriately chosen. However, the nonadiabatic geometric 
phases for such solutions were not calculated there. These are now calculated in Sec. IV. 
The two solid angles subtended by the traces of the orbit and spin angular momenta are also 
calculated explicitly. It turns out that the nonadiabatic geometric phase in this case also 
contains extra terms in addition to the linear combination of the two solid angles. 

In Sec. V we consider the alkaline atomic electron moving in an arbitrarily varying strong 
magnetic field. We prove that the nonadiabatic geometric phase for cyclic solutions with 
special initial conditions is a linear combination of the two solid angles. In other words, no 
extra term appears. 

A brief summary is given in Sec. VI. A formula used in the text is proved in the appendix. 



II. NEUTRAL PARTICLES IN A ROTATING MAGNETIC FIELD 

Before the calculations begin, let us remark here some differences between spin 1/2 and 
higher ones. First, for any state of spin 1/2, say, an initial state \l/o, one can always find a 
unit vector eo such that s ■ eo\l/o = (l/2)^I'o- In fact, = 2(\l/o, s\l/o) is the unit vector to be 
found. From this fact and the result of Sec. HI, the previous conclusion for spin 1/2 that the 
nonadiabatic geometric phase is always proportional to the solid angle follows immediately. 
For higher spin, on the other hand, the situation is rather different. For a given state \l/o, in 
general one cannot find a unit vector eo such that s ■ Bq'^q = rris'^o {^s = s, s — 1, . . . , —s). Let 
us give a simple example for spin 3/2. We denote the eigenstate of as Xm^; with eigenvalue 
rUs. Now consider the state \l/o = 0X3/2 + where |ap + = 1 for normalization. 

The mean value of the spin in this state is (\l/o,s\l/o) = (3|ap — 3/2)e2 where is the unit 
vector in the z direction. By varying a, the absolute value of the above mean value may 
take any real number in the interval [0,3/2]. Suppose that one could find a unit vector eo 
such that s ■ eg^l/o = rrig'^Q {mg = ±3/2, ±1/2), then the mean value of the spin would be 
(\I^o,s^o) = ^s^o, and the absolute value is \ms\, which is obviously in contradiction with 
the above one. Second, even if the mean value of s in \l/o is specified, say, (\I'o,s\&o) = ^s^z, 
one cannot assert that Sz'^o = rris'^Q (the inverse is of course true) unless rris = ±s (this is 
automatically true for spin 1/2). For example, for spin 3/2, we have infinitely many states 

X = Xi/2 x' = 6**^1 \/2/3x3/2 ± 6*''^(l/v^)X-3/2 tli^t lead to the mean value (s) = e^/2, 
where 61 and 62 are arbitrary real numbers. 

Consider a uniform magnetic field B(t) that has a constant magnitude B and rotates around 
some fixed axis at a constant angle 6b and with a constant frequency u. The rotating axis is 
chosen as the z axis of the coordinate system, so the magnetic field is 

B(t) = Bn{t), n{t) = (sin 6*^ cos cut, sin 6*^ sin cut, cos6b) (1) 

where B and uj are taken to be positive without loss of generality. Then consider a neutral 
particle with spin s {s = 1/2, 1, 3/2, . . .) and magnetic moment fj, = /xs/s, where s is the spin 
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operator in the unit of h, satisfying [si, sj] = ieijkSk- In the above magnetic field, it has the 
time-dependent Hamiltonian 

H{t) = -fi-B{t) = -e{iJ,)hujBS-n{t), (2) 

where lob = \ii\B / sTi is positive and e(/i) is the sign function. The motion is governed by the 
Schrodinger equation 

ihdt^ = H{t)-^. (3) 
To solve this equation, we make a unitary transformation 

^{t) = W{t)ij{t), W{t) = exp{-iujts,), (4) 
then ip{t) satisfies a Schrodinger-like equation 

ihdtip = Hesip, (5) 

where the effective Hamiltonian reads 

ifeflf = H{0) — TlujSz = —e{fi)hujBS ■ n(0) — huSz- (6) 

This effective Hamiltonian is time independent, so that the Schrodinger-like equation is 
readily integrable. For the following convenience, we define the new quantities 

Us = [uj'^ + uj'^ + 2e{fi)ujBUJ cos 6 bY^'^ 1 (7a) 
. UBsmOs „ Ub cos 9b + e{lJ^)uJ 

sm Os = , cos Os = , (7b) 

ns = {sin 9s, 0, cos 6^5) . (7c) 
In terms of these new quantities, we have 

Hes = -e{fi)hujss ■ ns. (8) 
Therefore the Schrodinger-like equation (^ is solved as 

Ht) = t/efr(t)^(0), t/eff(t) = exp[te{fi)iust s ■ ns]. (9) 
With the obvious relation "^{0) = ■ip{0), the Schrodinger equation (H) is solved as 

^(t) = f/(t)^(0), (10a) 

where 

U{t) = W(t)Uc{{(t) = exp{-iutS;,) exp[ie{^)ujst s • ng]. (10b) 

If one begins with an initial state \l/(to) at the time to [but note that the time dependence of 
the magnetic field is still given by Eq. (|l])], then the solution reads 



^(t) = W{t)U,s{t - t^)W\t^)^{to). (11) 

Since the evolution operator involves no chronological product, it is convenient for practi- 
cal calculations. In the following discussions we will take the initial time to be to = for 
convenience. 

First of all let us calculate the mean value of s in an arbitrary state. We define 

v(t) = (M/(t),svl>(t)), (12) 
and denote vq = v(0). Using Eq. (0) we have 

v(t) = {m{Q),uUt)w\t)sW{t)u.^mm- 

It is not difficult to show that 

W^^(t)sW^(t) = exp(ico'ts2)s exp(— zwts^) = (sa; cosLut — Sy sina;t, s^; sin cut + cos tut, s^). (13) 

The following formula was proved in the appendix. 

Uls{t)sU^Q{t) = exp[-ie{fi)ujst s ■ ns]sexp[ie{ij)ujst s • ns] 

= [s - (s • ns)ns] cos[e{fi)uJst] - {us x s) sm[e{fi)iUst] + (s • ns)ns. (14) 

Using these two formulas we can calculate v(t) once vq is given. Let us define, 

g{t) = [vo - (vo ■ ns)ns] cos[e{fi)uJst] - (n^ x vq) sm[e{fx)uJst] + (vq ■ ns)ns, (15) 

which is an ordinary vector, not an operator. Then the result reads 

\(t) = {gx(t) cos ut — Qyit) sin ut, g^^it) sin ut + gy{t) cos cut, gzif))- (16) 

This is a rather complicated result, but the physical picture is clear. We observe that the three 
terms in g(t) are perpendicular to one another, and 

|vo - (vo • n5)n5| = \ns x vo| = \/|vop - (vq ■ nsY = vo±, (17) 
so we define three unit vectors orthogonal to one another: 

ef = [vo - (vo ■ ns)ns]/vo±, = x vo/vo±, ef = ns, (18) 
which constitute a right-handed frame. In this frame g(t) takes the form 

g{t) = vo± cos[e(/i)u;st]ef - vo± sin[e(/i)u;5t]e^ + (vq • ns)ef . (19) 

This is nothing different from Eq. ([T5|). However, in this form it help us recognize the physical 
picture of the motion, and obviously yields |v(t)| = |g(t)| = |vo| as expected. Now to get the 
vector v(t), one just rotates vq around ef = ns through an angle —e{fi)ust (positive angle 
corresponds to anti-clockwise rotation) to get g(t), and then rotates g(t) around through 
an angle ut. The resulted motion involves nutation as well as rotation, and the motion is not 
periodic in general. Note that a cyclic state leads to a periodic v(t), but the inverse is not 
necessarily true. Therefore to obtain a cyclic solution, one should first find a periodic v()f:). 
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Two cases with periodic v(t) are available. First, if the parameters of the system are such 
that uJs/^ is a rational number, then both ujt and ust may simultaneously become integral 
multiples of 2tt at some latter time T, and we have v(T) = vq, independent of the initial 
condition. Second, if the initial condition is such that 

vo = m^n5, = s, s - 1, . . . , -s, (20) 

we have g(t) = msns, and 

v(t) = sin 6*5 coscijt, sin^5 sincjt, cos^^). (21) 

In this case v(t) only makes rotation. It is obviously periodic. In the following we will see that 
both cases indeed correspond to cyclic solutions. It seems that no other cyclic solution can be 
found. 

Cyclic solutions of the second kind (with special initial condition) have been previously 
discussed in detail [0. For comparison we briefly review the result. First we give the eigenstates 
of s ■ ng. It is not difficult to show that 

s ■ n5 = exp(-i6'5Sy)s2 exp(i6'5Sy). (22) 

We denote the eigenstates of Sz with eigenvalues (m^ = s, s — 1, . . . , —s) as Xm^- Then the 
eigenstates of s ■ with eigenvalues mg are obviously 

= eM-^dsSy)xl^ = ^D:,,„^(0,^5,0)x^^, (23) 

where the D's are Wigner functions. 
We take the initial state to be 



^^mX^)=Xm.- (24) 

This leads to Eqs. ( 120|) and (pT]). The solution is indeed cyclic, and the nonadiabatic geometric 
phase in a period r = 2ti/u} was found to be 

1ms = -rrisQs, mod 27r, (25) 

where Qs = 27r(l — cos6'5'). We denote the solid angle subtended by the trace of v(t) by flv 
Because v(t) is given by Eq. (pT)) in the present case, we have 

f2v = e(ms)f25, mod An, 

and consequently 

7ms = "I'^sl^v, mod 2tt. (26) 

Therefore the geometric nature of the result is quite obvious. It should be remarked that the 
spin angular momentum precesses synchronously with the magnetic field, but at a different 
angle with the rotating axis. 

Now we consider cyclic solutions of more general forms. If the parameters of the system are 
such that cus/u; is a rational number, then all solutions are cyclic, as shown below. We denote 
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{jjsjio = Ks/K^ where Ks and K are natural numbers, prime to each other. Let T = Kt, 
then ujT = 27cK and oosT = 2ttKs- In this case v(t) is periodic with period T. An arbitrary 
initial condition can be written as 

^(0) = Ecm.Xm., (27) 

rris 

where the coefficients are arbitrary except satisfying X^m^ kmsP = 1 such that \l/(0) is 
normalized. Note that ^1/(0) can also be expanded in terms of the complete set {Xm^}; it is 
easy to find that 

^(T) = exp(z(5)^(0), (28a) 

where 

5 = s[e{ii)2TiKs -2nK], mod 27r. (28b) 

Therefore the state is indeed cyclic, and 5 is the total phase change which is independent of 
the initial condition. Using the relation 

W\t)H{t)W{t) = H{0) = H,s + hujs,, (29) 

and note that i^efr commutes with Ues(t), Sz commutes with W(t), we have 

{H{t)) = (^(0), H,s^{0)) + huvzit) = -t{^)huJs^o ■ ns + huov^it). 

Thus the dynamic phase is 

13 = -h~^ r {Hit)) dt = e{iJ,)2nKsVo ■ ns - 27r/s: cos ^sVq ■ ns. (30) 
Jo 

This depends on the initial condition as expected. Finally we obtain the nonadiabatic geometric 
phase 

J = 5 — (3 = e{fi)27TKs{s — vo ■ n^) — 2'kK{s — cos^^vq • n^), mod 27r. (31) 

In the special case when vq = msns this is consistent with the previous result (note that 
T = Kt). 

The next task is to calculate geometrically the solid angle f2v subtended by the trace of 
v(t), and compare it with 7. It is easy to show that 

= ^ r dt. (32) 

|voMo \^o\+Vz[t) 

Because of the complicated results (|15|) and (|16|) , it would be difficult to calculate this straight- 
forwardly. Let us try to get around the difficulty. It is easy to show that 

V:c{t)vy{t) - Vy{t)v^{t) = g,{t)gy{t) - gy{t)g,{t) + u;[gl{t) + g^t)]. (33) 

On account of the relations |v(t)| = |g(t)| = |vo| and gz(t) = Vz{t), we have gl(t) + gy(t) = 
|vop — w^(t). Therefore 
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1 g^{t)gy{t) - gy{t)g^{t) I ^ 

= 1 — r / r~T"; 77^ + 1 — r / ^ l^ol - ^^(i) dt, (34) 

|go| -'o |go|+fl'^(^) |vo| -'0 

where go = g(0) = vo. The second integral can be calculated easily, and the first is recognized 
as the solid angle subtended by the trace of g(t), which is very easy to calculate in the 
coordinate frame expanded by ef , and ef [cf Eq. (|19|)]. The final result is 

= -e{fi)27rKs (^1 - ^^^^^ + Svri^ (^1 - cos ^5^^^|^^ • (35) 

Here the first term is due to the rotation around ef = n^, and the second is due to the further 
rotation around e^. Compared with Eq. (PT|), we find the relation 



-f = -\^ro\n^ + {s-\^ro\)[e{fl)2nKs-2^TK], mod 27r. (36) 

Therefore 7 contains two terms. The first is the familiar one that is proportional to Qy,. The 
second is an extra term. If s = 1/2, it is easy to show that |vo| = 1/2 for any initial state, 
then the extra term vanishes automatically, and the above relation reduces to 7 = —{1/2)0,^, 
which is known to be valid in an arbitrary magnetic field [^,0]. For higher spin, s — |vo| is in 
general not an integer, and the extra term cannot be dropped. For the special initial condition 
(123), the above relation reduces to the result (P^). We will show in the next section that Eq. 



( [26| ) holds in an arbitrarily varying magnetic field as long as the initial state is an eigenstate 
of s ■ eo with eigenvalue m^, where eo is some unit vector. For the rotating magnetic field at 
hand, Eq. ( PB| ) holds as long as |vo| = m^. This is a looser restriction on the initial condition. 
We do not know whether this is true in a more general magnetic field. 

To conclude this section we remark that the relation (^6|) holds when |vo| = 0. This can 
be easily verified by comparing Eq. (|36|) with Eq. ( ^Tf ) in this special case. Moreover, from 
Eq. (|30D we see that the dynamic phase vanishes. Therefore one may regard the total phase 



in this case as pure geometric, though il^ is not well defined. 



III. NEUTRAL PARTICLES IN AN ARBITRARILY VARYING MAGNETIC FIELD 

As seen in the last section, the relation 7 oc does not always hold for spin higher 
than 1/2. Thus it may be of interest to ask when it would be valid in an arbitrarily varying 
magnetic field. In this section we will show that a sufficient condition is that the initial state 
is an eigenstate of s ■ eg where eg is some unit vector. 

As discussed at the beginning of Sec. II, given an arbitrary state \l/(t) of spin 1/2, one 
can always find a unit vector e{t) such that s ■ e(t)\I'(t) = (l/2)^(t). This holds at all times. 
For higher spin, however, no similar conclusion is available. Nevertheless, we will show that 
if an eigenvalue equation s • 60^^(0) = ms\E'(0) holds for the initial state ^'(O), a similar one 
with some appropriate unit vector e{t) would hold at all later times. The latter equation is of 
crucial importance since it enables us to explicitly determine the state \E'(t) in terms of e{t) 
up to a phase factor. If e{t) returns to e(0) at some later time T, we obtain a cyclic solution. 

We write down the Schrodinger equation in an arbitrarily varying magnetic field B(t) = 
B{t)n{ty. 

ihdt^ = H{t)^ = -hujB{t)s ■ n(t)$. (37) 
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There are two differences from the one in Sec. II. First, here ujuit) = ^B{t)/sh is time 
dependent, and its sign may changes with time [so we do not use in defining ujBif)]- 
Second, the unit vector n(t) is not given by Eq. (|T]), but varies arbitrarily. We would assume 
that the magnetic field varies continuously. 

We take the initial state ^'(O) of the system to be an eigenstate of s ■ eo with eigenvalue 
where is some unit vector, that is 

s ■ eo^(O) = m^^(O), = s, s - 1, . . . , -s. (38) 

Let us define a vector e{t) by the following differential equation and initial condition. 

e{t) = -LUBit)n{t) X e(t), e(0) = Gq. (39) 

Obviously, |e(t)| is time independent, so e(t) is a unit vector at any time. We are going to 
prove that 

s ■ e(t)^(t) = rris^it) (40) 

holds at all later times. This can be easily done by induction. 

By definition, Eq. ( ^OD is valid at t = 0. We assume that it is valid at time t, what we 
need to do is to show that it is also true at time t + At where At is an infinitesimal increment 
of time. In fact, using Eqs. ( p7D and (|39| ) we have 

*(t + At) = ^(t) + iujBit)s ■ n(t)^(t)At, (41a) 



e(t + At) = e(t) - cjB(t)n(t) x e(t)At. (41b) 

After some simple algebra, the conclusion is achieved. 
Because e(t) is a unit vector, we can write 

e(t) = ( sin6'e(t) cos0e(t), sin 6'e(t) sin 0e(t), cos6'e(t)). (42) 

It is not difficult to show that 

s • e(t) = exp[-i0e(t)sj exp[-i9e{t)sy]s;, exp[i9e{t)sy] exp[i0e(t)sj. (43) 

Therefore the eigenstate of s ■ e(t) with eigenvalue is 

^(t) = exp[ta{t)] exp[-i0e(t)sj exp[-iee{t)sy]x'i^, (44) 

where a(t) is a phase that cannot be determined by the eigenvalue equation. However, a(t) 
is not arbitrary. To satisfy the Schrodinger equation, it should be determined by the other 
variables 9e(t) and 4>e(t). In fact, the above equation yields 

(^(t), ^(t + At)) = 1 + ia{t)At - im, cos[^e(t)]0e(t)At. (45) 

On the other hand, from Eq. ( |41a| ) we have 

(^(t), ^(t + At)) = 1 + io^ij(t)v(t) ■ n(t)At, (46) 
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where v(t) is defined by Eq. (|T^). Comparing the two results we obtain 



d(t) = m, cos[ee(t)]0e(t) + tUB(t)v(t) ■ n(t). (47) 

The motion of e{t) is determined by the magnetic field. If the magnetic field is such that 
e{t) returns to its initial value at the time T, that is 

e,{T) = eM, MT) = Mo) + ^ttK, (48) 

where K is an integer, then we get a cyclic solution. In fact, it is easy to show that 

^(T) = exp(z(5)^(0), (49a) 

where 

S = a{T) - a{0) - 2nmsK, mod 2n (49b) 
is the total phase change. Using Eqs. (|47|) and (^8]), it can be recast in the form 

S = -rus [^[1 - cos0e(t)]0e(t) dt + ujB{t)w{t) ■ n(t) dt. (50) 



The second term is obviously the dynamic phase j3. Therefore the nonadiabatic geometric 
phase is 

7 = —ms^ei mod 2tt (51) 

where 

fie = /^[l - COS0e(t)]0e(t) dt (52) 



is the solid angle subtended by the trace of e(t). 

Finally notice that v(t) satisfies the same equation as e(t), and vq = m^eo which can be 
easily verified, we have v(t) = mse(t). Consequently, Eq. (^) can be recast in the form 

7 = — |ms|fiv, mod 27r. (53) 

This is the final result of this section. Though 7 and fiv cannot be explicitly calculated, the 
above relation holds regardless of the form of the magnetic field. For = ±s, this result was 
previously obtained in Ref. ||15|, and for general rus in Ref. [Q, both by different methods 
from ours, but our method seems more straightforward and simpler. 

It should be noted that v(t) = when = 0. In this case VL^ is not well defined. However, 
the final result (^) remains correct because it gives the same result 7 = as given by Eq. (|5l|). 
This remark also applies to the result (p6[) in Sec. II and similar ones in the following sections. 
To conclude this section, we remark that for any cyclic motion one can always appropriately 
choose the coordinate axes such that 6(,{t) does not take on the values or vr during the cycle 
under consideration. This avoids any uncontinuous jump or ill definition of 0e(^), and renders 
the above demonstration sound enough. 
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IV. ALKALINE ATOMIC ELECTRON IN A STRONG ROTATING MAGNETIC 



FIELD 

In this section we consider the valence electron of the alkaline atom or that of the hydrogen 
atom moving in a strong rotating magnetic field given by Eq. (|l]). This is described by the 
Schrodinger equation 

ihdt-^ = H{t)-^, (54a) 

where 

H{t) = Ho + fiBB{\ + 2s) ■ n(t) = Hq + hujB{\ + 2s) • n(t), (54b) 

in which 

Ho = ^ + V{r) (54c) 

is the Hamiltonian of the electron in the central potential of the nucleus (and the other electrons 
in the inner shells for alkaline atoms), M and //b are respectively the reduced mass and the 
Bohr magneton of the electron, ujb = fJ'BB/h > 0, 1 = r x p/h is the orbit angular momentum 
operator in unit of h, and s the spin as before (here s = 1/2). The applicability of this equation 
was discussed in Ref. . 



The above Schrodinger equation can be solved in a way similar to that in Sec. II. This was 
discussed in detail in Ref. ITTIl. The solution is 



^{t) = t/(t)^(0), U{t) = W{t)U,s{t), (55) 

where 

W{t) = exp{-iujtj^), Uesit) = exp{-iH ^st/h), (56) 
where jz is the z-component of the total angular momentum (in unit of ^) j = 1 + s, and 

Hes = Ho + hujLl ■ iiL + huss ■ Us (57) 
is the effective Hamiltonian. The parameters in the effective Hamiltonian are defined as 

ujl = {00"^ + uj"^ — 2ujbOiJ cosObY^'^, (58a) 

Us = i^ool + io^ -AujBi^coseBy^'^; (58b) 

nz, = (sin6'L, 0, cos6'l), = (sin 6^5, 0, cos 6^5), (59) 



where 



. ajBsmOB „ ujb cos 9b x 
sm&L = , coso'i = , (oUaj 
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. 2u;Bsin6'B 2ujbcos6b - 

smOs = 5 cosOs = ■ (oUbj 

Us ujs 

Using the above solution we can calculate the mean values of 1 and s in an arbitrary state. 
We define 

u(t) = (xl>(t), lvl/(t)), v(t) = (v^(t), svl>(t)), (61) 

and denote Uq = u(0) and vq = v(0). On account of the fact that 1, s and Hq commute with 
one another, the results can be obtained by calculations similar to those performed in Sec. II. 
We define 

f (t) = [uo - (uo ■ 11^)11^] cosulI + (n^, x Uq) sincj^t + (uq ■ n^,)!!^, (62a) 

g(t) = [vo - (vo ■ rvs)T^s\ cos ust + (n^ x vq) sinust + (vq ■ 115)115, (62b) 
then the results read 

u(i) = {fx{t) cosujt - fy{t) sinujt, f^{t) sintut + fy{t) cosut, fz{t)), (63a) 

v(t) = {gx(t) cos ut — gy{t) sin ut, g^it) smut + gy(t) cos ut, gzif))- (63b) 

Note that the second term in g(t) has a different sign from the one in Sec. II. The physical 
picture is rather similar to the previous one. 

We denote the common eigenstates of {Hq, P, 1^} as Cnimi "with eigenvalues {e„/, /(/ + 
1), m}, where e„i are the energy spectrum of the electron in the absence of the magnetic 
field. Then the common eigenstates of the operators {Hq, 1 ■ n^^, s ■ 115} with eigenvalues 
{e„;, /(/ + 1), m, rris} (now = ±1/2) are 

(64) 

where Xms is given by Eq. (0), and 

Cnlm = exp{-t9Lly)Clm = E ^m'm(0, ^L, 0)C^,. (65) 

m' 

The (pnimms a^c also eigenstates of Hcs with the eigenvalues 

Enlmms = (^nl + mhuJi + Ulshus- (66) 

However, these eigenvalues are not observable since Hes is not a physical quantity. The above 
states are complete. At a given time, any state of the system can be expressed as a linear 
combination of them. 



As shown in Ref. [|13], a solution with the initial condition 

^i(O) = (Pi = (Pnlmm, (67) 

is a cyclic one. Here for convenience we use one subscript i to represent all the quantum 
numbers nlmrris- The nonadiabatic geometric phase was shown to be 
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7i = —mQi — TUs^ls, mod 27r. 



(68) 



Here Ql = 27r(l — cos^^l) and Qs = 27r(l — cos9s). We denote the solid angles subtended by 
the traces of the orbit and spin angular momenta by and Q^^, respectively. For the present 
case u{t) and v(t) have forms similar to Eq. (pT]), so we have 

7j = — |m|r2u — I'Tislfivj mod 27r, (69) 

and the geometric nature of the result is quite obvious. For the alkaline atomic electron at 
hand, \ms\ can be replaced by 1/2 since = ±1/2. However, the above result is valid for 
a charged particle of general spin s moving in the central potential plus the strong rotating 
magnetic field. In Sec. V we will show that this result holds in an arbitrarily varying strong 
magnetic field as long as the initial state is appropriately chosen. However, we will show in 
the following that for more general cyclic solutions the nonadiabatic geometric phase contains 
extra terms in addition to the linear combination of the two solid angles. 

In the above we see that the initial condition \l/j(0) = ipi leads to a cyclic solution in the 
general case. If the parameters of the system satisfy some appropriate conditions, more cyclic 
solutions are available. In fact, if ujb, uj and 6b are such that both uol/uj and oJs/^ are rational 
numbers, we will see that any solution with the initial condition 

(70) 

mrris 

is a cyclic one, where the coefficients Cmms are arbitrary except satisfying J2mms |cmmj^ = 1 
such that the initial state is normalized. Suppose that ul/uj = K2/K1, ujs/uj = K^/K^, where 
all the K^s are natural numbers, with K2 and Ki prime to each other, and the same for 
and K'i. We denote the least common multiple of Ki and as and write 

ul/uj = Kl/K, us/uj = Ks/K, (71) 

where = KK2/K1 and Ks = KK^^/K^ are both natural numbers. In this case, ujT, ujlT 
and oJsT are all integral multiples of 27r, where T = Kt is now the period of \x{t) and v(t). It 
is not difficult to show that 

^(T) = exp(z(5)^(0), (72a) 

where 

5 = ~tniT/n-l{2TiK + 2tiKl) - s{2t:K + 2tiKs), mod 27r. (72b) 

Thus the solution is actually cyclic and 5 is the total phase change which is independent of the 
initial condition. Currently we would like to keep the general value s such that the result may 
be applied to a charged particle with more general spin. The dynamic phase can be calculated 
in a way similar to that in Sec. II, the result is 

(3 = -eniT/h - 2nKLUo ■ ul - 2txKs^q ■ ns - 271 K {cos OlUq ■ + cos 6*5 vq • n^). (73) 

This depends on the initial condition as expected. The nonadiabatic geometric phase is 

■J = 6 — P = —2'kK{1 — cos OlVlq ■ hl) — 2nK{s — cos Os^tq ■ 115) 

-(/ - uo ■ nL)2TTKL - (s - vo • ns)27rKs, mod 2tt. (74) 
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On the other hand, the sohd angles subtended by the traces of the orbit and spin angular 
momenta are 

fiu = It^Kl U - + 27r/^ {\ - cos^L^^) , (75a) 



fiv = 27rKs \\ - ^^^1^ j + 27ri^ - cos ^s^^^j^ j • (75b) 

The calculations that lead to these results are similar to those in Sec. II. From the above 
results and Eq. (fflD it is easy to find that 

7 = -|uo|^^u - Ivol^^v + (|uo| - /)(27rfs: + I-rKl) + (|vo| - s)(2TiK + I-rKs), mod In. (76) 

Therefore, in addition to a linear combination of fiu and fiv, we get two extra terms in 7. This 
result holds for a charged particle with spin s moving in the central potential plus the magnetic 
field. The first extra term can be dropped only when |uo| is an integer and the second when 
I Vol — s is an integer. For the alkaline atomic electron, |vo| = s = 1/2, so the second extra 
term vanishes. Because I is an integer, we have for the alkaline atomic electron the final result 

7 = -|uo|fiu - i^^v + |uo|(27rir + 271/^1,), mod27r. (77) 



For the special initial condition (|67D, the above results reduce to Eq. (|69D. In the next 



section we will show that the result ( |69D holds in an arbitrarily varying magnetic field as 
long as the initial state is a common eigenstate of {Hq, P, 1 ■ do, s ■ eo} with eigenvalues 
{sni, l{l + 1), m^}, where do and eo are some unit vectors. For the rotating magnetic field 
at hand, it holds as long as |uo| = \m\ and |vo| = jm^l (the second is automatically satisfied 
for s = 1/2), which is a looser restriction on the initial state. We do not know whether this 
is true for a more general magnetic field. To conclude this section we point out that the 



condition ([7T| ) can be realized with ul/co = 1 and lus/^^ = 2, if one chooses ujb/uj = y3/2 and 
cos Ob = y3/2v^ [1] 



V. ALKALINE ATOMIC ELECTRON IN AN ARBITRARILY VARYING STRONG 

MAGNETIC FIELD 

Now we consider the alkaline atomic electron moving in an arbitrarily varying strong mag- 
netic field. We write down the Schrodinger equation: 

ihdt^ = H{t)^, (78a) 

where 

H{t) =Ho + hujB it) (1 + 2s) ■ n(t) . (78b) 

Compared with that in Sec. IV, there are two differences. First, UBif) = ^BB(t)/h is time 
dependent and may be either positive or negetive. Second, n{t) is an arbitrarily varying 



14 



unit vector. It is difficult to obtain any specific solution of the above equation. However, for 
solutions of special initial conditions, we can establish a relation between 7 and the solid angles 
and f2v. 

Obviously, the operators in the set {Hq, 1 ■ do, s ■ eo} commute with one another, where 
do and eo are some unit vectors, thus they can have a complete set of common eigenstates. 
We take the initial state ^'(O) of the system to be such a common eigenstate, that is 

Ho-^{0) = eni*(0), 1=^^(0) = /(/ + 1)^(0), (79a) 

l-do*(0) =m*(0), s-eo*(0) = m^*(0). (79b) 

For the alkaline atomic electron, the last condition need not be assumed, since one can always 
find a unit vector Bq such that it holds with = 1/2 or —1/2. However, we prefer to assume 
it so that the result may be valid for charged particles of more general spin. We define two 
vectors d{t) and e{t) by the following differential equations and initial conditions 

d{t) = UB{t)n{t) X d{t), d(0) = do, (80a) 

e{t) = 2u;B{t)n{t) x e{t), e(0) = eo- (80b) 

Obviously, both |d(t)| and |e(t)| are time independent, so d(t) and e(t) are unit vectors at any 
time. One can prove that the following eigenvalue equations hold at all times. 

Ho^(t) = Sni^it), l^^{t) = 1(1 + l)^(t), (81a) 

l-d{t)^{t)^m^{t), s-e(i)*(i) =m5*(i). (81b) 
Because d(t) and e(t) are unit vectors, we can write 

d{t) = {sin 9d{t) cos (f)d{t), sm 9d{t) sm(f)d{t) , cos9d{t)), (82a) 

e{t) = (sin e e{t) cos (f)e{t), sin 9 e{t) sin (f)e{t), cos9e{t)). (82b) 
As in Sec. Ill, ^'(t) can be written as 

*(i) = exp[ia{t)] exp[-i0d(t)Z^] ex.p[-i9dit)ly]Cnim^^P[-iMt)sz] exp[-i^e(i)sy]Xm.' (§3) 
where a{t) is determined by the equation 

a{t) = mcos[9d{t)]Mt) + msC0s[9e{t)]Mt) - h-\H{t)), (84) 

where the expectation value {H[t)) is calculated in the state ^'(t). 

The motions of d{t) and e{t) are determined by the magnetic field. If the latter is such 
that both d(t) and e{t) return to their initial values at time T, then we get a cyclic solution. 
The nonadiabatic geometric phase can be shown to be 

7 = — mJld — m^Qe) mod 27r (85) 
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where 

^^d = /^[l - cosedit)]Mt) dt, = [^[1 - COS^e(t)]0e(t) dt (86) 

Jo Jo 

are the sohd angles subtended by the traces of d{t) and e{t). 

By similar reasoning to that in Sec. Ill, we have u(t) = md{t) and v(t) = mse{t), and Eq. 
( [85| ) can be written as 

7 = — |m|i7u — |ms|fiv; mod 27r. (87) 

This is the final result of this section. It holds for a charged particle with spin s moving in 
the central potential plus the arbitrarily varying strong magnetic field. For the alkaline atomic 
electron, \ms\ may be replaced by 1/2. 



VI. SUMMARY 

In this paper we have studied the nonadiabatic geometric phases of neutral or charged par- 
ticles moving in a time- dependent magnetic field. In Sec. II we consider a neutral particle with 
general spin and with magnetic moment moving in a rotating magnetic field. The nonadiabatic 
geometric phase for special cyclic solutions is proportional to the solid angle subtended by the 
trace of the spin [cf Eq. ([26|)]. This is well known. However, for more general cyclic solutions, 
we find that the nonadiabatic geometric phase contains an extra term. The main result of this 
section is Eq. (|36|). The extra term vanishes automatically for spin 1/2, consistent with the 



known conclusion for spin 1/2 that Eq. ( pB]) is valid in an arbitrary magnetic field. For higher 
spin, however, the extra term depends on the initial condition. In Sec. Ill we show that the 
result (^) is valid for special cyclic solutions of higher spin in an arbitrarily varying magnetic 
field. In Sec. IV we consider a charged particle moving in a central potential plus a strong 
rotating magnetic field. This may describe the valence electron in an alkaline atom or that 
in a hydrogen atom. For special cyclic solutions, the nonadiabatic geometric phase is a linear 
combination of the two solid angles subtended by the traces of the orbit and spin angular 
momenta [cf Eq. (^)]. This is also a previously known result. For the more general cyclic 
solutions, however, extra terms are also involved in the geometric phase. The main results of 
this section are Eqs. ([76|) and ([77|) . In Sec. V we prove that the result (^) is valid for special 



cyclic solutions of charged particles moving in a central potential plus an arbitrarily varying 
strong magnetic field. 
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APPENDIX 

Here we prove Eq. (|14D in a very simple way. 
We define 

F{(f)) = exp{i(j) s ■ ns)s exp{—i(j) s ■ n^). 
Differentiation of tliis equation witli respect to yields 

F'(0) = nsx F(0), 

and 

F"(0) =nsx [ns x F(0)] = [F(0) • n^ln^ - F(0). 

From Eq. we have [F(0) ■ n^]' = F'(0) • ns = 0, so that F(0) ■ = F(0) 

Then Eq. ( |A3|) becomes 

F"(0) + F(0) = (s-n5)ns. 
The solution of this equation is obviously 

F(0) = a cos + b sin + (s ■ ns)n5, 
where a and b are constant vectors. From Eqs. (^1|) and ([A2|) we have 

F(0) = s, F'(0) = ns X s. 
This determines a and b, so we arrive at 

F(0) = [s - (s • ns)ns] cos + (ns x s) sin + (s • ns)ns. 
Eq. (|T3p can be obtained by substituting = —e{fj,)ujst into the above result. 



17 



[1] L. D. Landau and E. M. Lifshitz, Quantum Mechanics, 3rd ed. (Pergamon, Oxford, 1977). 

[2] S.-J. Wang, Phys. Rev. A 42, 5107 (1990). 

[3] A. G. Wagh and V. C. Rakhccha, Phys. Lett. A 170, 71 (1992). 

[4] G.-J. Ni, S.-Q. Ghen, and Y.-L. Shen, Phys. Lett. A 197, 100 (1995). 

[5] G.-J. Ni and S.-Q. Ghen, Advanced Quantum Mechanics (Fudan Univ. Press, Shanghai, 2000) 
(in Chinese). 

[6] A. G. Wagh and V. G. Rakhecha, Phys. Rev. A 48, R1729 (1993). 

[7] S.-L. Zhu, Z. D. Wang and Y.-D. Zhang, Phys. Rev. B 61, 1142 (2000). 

[8] M. V. Berry Proc. R. Soc. Lond. A 392, 45 (1984); J. Anandan and L. Stodolsky, Phys. Rev. D 
35, 2597 (1987). 

[9] Y. Aharonov and J. Anandan, Phys. Rev. Lett. 58, 1593 (1987). 

[10] J. Samuel and R. Bhandari, Phys. Rev. Lett. 60, 2339 (1988). 

[11] T. F. Jordan, Phys. Rev. A 38, 1590 (1988). 

[12] Y.-S. Wu and H.-Z. Li, Phys. Rev. B 38, 11907 (1988). 

[13] H.-Z. Li, Global Properties of Simple Physical Systems-Berry's Phase and Others (Shanghai 
Scientific & Technical, Shanghai, 1998) (in Ghinese). 

[14] D. J. Fernandez G, L. M. Nieto, M. A. del Olmo and M. Santander, J. Phys. A 25, 5151 (1992). 

[15] E. Layton, Y. Huang and S-I Ghu, Phys. Rev. A 41, 42 (1990). 

[16] X.-C. Gao, J.-B. Xu and T.-Z. Qian, Phys. Lett. A 152, 449 (1991). 

[17] Q.-G. Lin, Phys. Rev. A 63, 012108 (2001). 

[18] Q.-G. Lin, J. Phys. A 34, 1903 (2001). 



18 



